A short proof of kundu's k-factor theorem  by Chen, Yong-Chuan






Department of Mathematics, Mawachusetts Institute of Technology, C&bridge, MA 02139, 
USA 
Received 17 Mar& 1987 
Revised 4 November 1987 
We give a very short proof of the following theorem on k-factorable degree sequences due to 
Kundu [5]: Tbearem 1. Let (dl,d2,-.-,d,,) and.(d,-k,,d,-k,,...,d,-k,) be two 
graphical sequences satisfying k s ki s k + 1, 1 bi s n, for some k PO. Then there exists a’ 
graph G =: (V, E) which contains a subgraph F such that &(Ui) = di and dF(ui) = ki for alI 
UiE(U~#U~p.**,U~)= V(G). Our proof readily extends to derive the generalizations of the 
above theorem obtained by Kundu [6], Kleitman and Wang [4]. 
We follow the notation and terminology of the survey article [l]. EPt 
G = (V, E) be an undirected graph with vertex set V = {u,, v2, . . . , v,) and 
edge set E. The degree of vi in G is the number of edges incident to vi, denoted 
by d&vi), and (&(v& d&2), l l . , d&J) is called the degree sequence of G. 
A sequence (d,, d2, . . . , d,J of integers is said to be graphical if there exists a 
graph whose degree sequence is fd,, d2, . . . , d,). A (k,, k2, . . . , k&factor of G 
is a spanning subgraph of G whose degree sequence is (k,, k2, . . . , kn). 
The following theorem was conjectured by Rzo and Rao [g] ?- T the case ki = k 
for aU i, and independently by Grunbaum [2] for the speciai case k, = 1 for all i. It 
was proved by Kundu by using an alternating chain approach. 
Theorem I (Kundu [?$I. IA (d,, d2,. . . , d,,j and (6, - kI, d2 - k3, . . , d, - k,) 
be two graphical sequemes satisfying k G ki s k + 1, 1 s i 6 n, for some k a 0. 
Then there exists a graph G = (V, E) which contains a (k,, k2, . . . , k&factor. 
Some generalizations of Theorem 1 were obtained by Kundu [6], 
Wang [4]. In [4] the authors gave an algorithmic proof of the a 
which is shorter than that in [S]. Low&z [7] also gave a short proof for the special 
case ki = I for ali i. kn this note, we give a very short proof 
proof readily extends to derive the generalizations 
provides us with a simple algorithm for construct’ 
sequence containing a (k,, k2, . . . , k&factor. 
graphs may be proved similarly. 
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First of all, we give a lemma which ensures that the conditions in Theorem 1 
imply that (b, k2, . . . , k,,) is a graphical sequence. 
Lemma 1. Let (k,, k2, . . . , k,) be an integral sequence with the property that ,6or 
some Osk<n-2, kSkisk+l for all i, and Cr=lki is even, Then 
(kl, kz, . . l 9 k,) is a graphical sequence. 
f. We use induction on C” i=l ki. The case Zrzl ki =O is trivial. Suppose the 
lemma is true for x:=1 ki S K - 1 (K is a positive integer). NOW let zrCl ki = K. 
Without loss of generality, we may assume that kl 2 k2 2 . l .S k,. Thus we have 
(k,, kz, . . l 9 k,J is graphical if and only if (k2 - 1, . . . , kkl+l - 1, kkI+2, . . . , k,,) 
is graphical (see [3], Theorem 6.1). From the inductive hypothesis, it follows that 
(k,, kz, - . . , k,) is graphical. 0 
f of Pgeorem 1. Since (d,,d2,. . . ,d,,) and (d,-kI,d2-k2,. . . ,d,-k,) 
are graphical, it follows from Lemma 1 that (kl, k2, . . . , k,J is also graphical. By 
considering the complement graphs, we can see that the existence of a graph with 
degree sequence (dI, d2, . . . , d,J containing a (kl, k2, . . . , k,j-factor is equiv- 
alent to the existence of a graph with degree sequence (n - 1- kI, n - l- 
k 2, l ’ l > n-l-kn) containing a (n-l-dI,n-1-d2,...,n-l-d&factor. 
Therefore, we may assume that k - <disk+1 for all iand some ka0, and kls 
are arbitrary. Let F and H be graphs with degree sequences (k,, k2, . . . . , k,,) and 
(d,-k,,drkz,..., d, -k,) respectively such that the multigraph F U H 
(there are at most two edges between any two vertices) has the minimum number 
of multiple edges. If F U H has no muhipie edges, the theorem is proved. 
Otherwise, suppose that F U H has a multiple edge (u, v). Since di s n - 1 for 
1 e i s n, there exists a vertex w in F U H such that there is no edge joining u and 
W. From the condition that di = k or k + 1 for all i, we can find a vertex x in 
F U H such that the number of edges joining v and x is less than the number of 
edges joining w and X. Without loss of generality, we may assume that F has the 
edge (w, X) but it does not contain the edge (v, x). Therefore we must have 
either: 
(1) H does not contain the edge (u, x), or 
(2) H contains both (v, X) and (w, x). 
Removing (u, V) and (w, X) from F and adding (u, w) and (u, X) to F, we obtain 
a graph F’ with the same degree sequence as F. However, F’ U H has fewer 
multiple edges than F U H, 8 contradiction. This pompletes the proof. 0 
The author is ve.ry grateftil to Professors M. Kano, D.J. Kleitman, S. Kundu 
the referees for their ipfull suggestions. 
Kzndu’s k-factor theorem 179 
References 
111 J. Akiyama and M. Kano, Factors and factor&ions of graphs--a survey, J. of Graph Theory 9 
(1985) l-42. 
121 B. Grtinbaum, Int. Conf. on Combiiatorial Structures and their Applications, Calgary, 1969 
(Gordon and Breach, New York, 1970) p. 292, Problem 2. 
i3] F. Harary, Graph theory (Addison-Wesley, Reading, MA, 1%9). 
41 D.J. Kleitman and D.L. Wang, Algorithms for constructing raphs and digraphs with given 
valences and factors, Discrete Math. 6 (1973) 78-88. 
[S] S. Kundu, The k-factor conjecture is true, Discrete Math. 6 (1973) 367-376. 
[6] S. Kundu, Generalizations of the k-factor theorem, Discrete Math. 9 (1974) 173-179. 
[7] L. Lov&z, Valencies of graphs with l-factors, Periodica Math. Hung. 5 (1974) 149-151. 
[S] A.R. Rao and S.B. Rao, On factorable degree sequences, J. of Combin. Theory (B) 13 (1972) 
185-191. 
